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Abstract
In the present note, we focus on certain properties of special curves that might be
used in the theory of multi-point Seshadri constants for ample line bundles on the com-
plex projective plane. In particular, we provide three Ein-Lazarsfeld-Xu-type lemmas for
plane curves and a lower bound on the multi-point Seshadri constant of OP2(1) under the
assumption that the chosen points are not very general. In the second part, we focus on
certain arrangements of points in the plane which are given by line arrangements. We
show that in some cases the multi-point Seshadri constants of OP2(1) centered at singular
loci of line arrangements are computed by lines from the arrangement having some ex-
tremal properties.
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1 Introduction
In this note, we would like to present some new techniques that can be applied in the context
of Seshadri constants which measure the local positivity of line bundles on algebraic varieties.
Let us recall that for a projective variety X of dimension dimX = n and L a nef line bundle,
the multi-point Seshadri constant of L at r > 1 points x1, ..., xr ∈ X is defined as
ε(X,L; x1, ..., xr) = inf{x1,...,xr}∩C 6=∅
L · C∑r
i=1multxiC
,
where the infimum is taken over all irreducible and reduced curves C on X . We know that
there exists an upper-bound on the multi-point Seshadri constant, namely
ε(X,L; x1, ..., xr) 6
n
√
Ln
r
.
Next, we define
ε(X,L; r) = max
x1,...,xr∈X
ε(X,L; x1, ..., xr),
2and an interesting result due to K. Oguiso [12] tells us that the value ε(X,L; r) is attained at
a set of very general points x1, ..., xr, i.e., outside a countable union of proper Zariski closed
subsets inXr. For further details about Seshadri constants (and more), we refer to the following
fantastic lecture notes by B. Harbourne [5].
In the note, we restrict our attention to the case of the complex projective plane P2 and
special point configurations. There are some interesting results providing bounds on multi-
point Seshadri constants for OP2(1) when points are in (very) general position, for instance in
[2, 4, 6, 10, 12, 17, 18, 22, 23, 24], but not much is known about the precise values of Seshadri
constants of OP2(1) when the points are not in very general position. So our aim here is to
present some new techniques and actual values of Seshadri constants when point configurations
are special. Since the most special position of points is when x1, ..., xr are in a line ℓ ∈ P2, for
any configuration of points x1, ..., xr ∈ P2 one always has
1
r
6 ε(P2,OP2(1); x1, ..., xr) 6
1√
r
.
We will present three different Ein-Lazarsfeld-Xu-type lemmas (cf. [3, 25]) in the case when
points are not in very general position. The first one follows from Orevkov-Sakai-Zaidenberg
inequality which involves the logarithmic version of the Bogomolov-Miyaoka-Yau inequality,
the second lemma follows from Be´zout Theorem, and the last inequality can be obtained using
Huh’s result on the Milnor numbers of singularities of reduced and irreducible hypersurfaces
in PN . This allows us to give a non-trivial lower bound on multi-point Seshadri constants for
OP2(1) in special cases – it seems to us that our bound is the first one in this setting. In the
second part of the note, we compute Seshadri constants of OP2(1) at point configurations given
by singular loci of reduced curves. Our approach allows us to see that using rather special
point configurations in the plane the values of the associated Seshadri constants of OP2(1) are
rather close to those with respect to configurations of very general points. The key idea behind
this article is to use combinatorial methods in the theory of Seshadri constants and we try to
understand which combinatorial properties of point configurations can be useful in the context
approximations of Seshadri constants in general (please consult concluding remarks).
In the note, we work exclusively over the complex numbers.
2 Ein-Lazarsfeld-Xu-type lemmas for plane curves
In this section, we present three different Ein-Lazarsfeld-Xu-type lemmas for irreducible and
reduced curves in the complex projective plane. Our general assumption is the following:
(•) curves are passing through all given points with multiplicities greater than or equal to 2.
The key advantage of our approach is that provided lemmas do not depend on the restriction
that points must be in very general position.
We assume in this section that if Sing(C) = {p1, ..., ps} are the singular points of a curve
C ⊂ P2, then the multiplicities mi(C) = mpi(C) form a weakly-decreasing sequence m1 > ... >
ms > 2. We use also mi instead of mi(C) if this is clear from the context. We also start with
s > 3 in order to avoid trivialities.
3Proposition 2.1. Let C ⊂ P2 be an irreducible and reduced curve of degree d > 4 having
singular points p1, ..., ps, then one has
d2 −
s∑
i=1
m2i >
3
2
(
d−
s∑
i=1
mi
)
.
Proof. Let us recall that for such a curve the following Orevkov-Sakai-Zaidenberg inequality
([14, Theorem 1], [19, Theorem (1.2)]) holds:
s∑
i=1
(
2 +
1
mi
)
µi 6 2d
2 − 3d,
where µi’s are the corresponding Milnor numbers. Since for isolated singularities one always
has µi > (mi − 1)2 (see for instance [11, Theorem 1.8]), we obtain
s∑
i=1
(
2 +
1
mi
)
(mi − 1)2 6
s∑
i=1
(
2 +
1
mi
)
µi 6 2d
2 − 3d.
Since
s∑
i=1
(
2 +
1
mi
)
(mi − 1)2 =
s∑
i=1
(
2m2i − 3mi +
1
mi
)
,
this leads to
s∑
i=1
(
2m2i − 3mi
)
<
s∑
i=1
(
2m2i − 3mi +
1
mi
)
,
and we finally obtain
s∑
i=1
(
2m2i − 3mi
)
< 2d2 − 3d,
which completes the proof.
This inequality, analytic in nature, can be viewed as a first step towards an Ein-Lazarsfeld
Xu-type lemma. Before we present our lemma, let us recall the following definition.
Definition 2.2. The gonality gon(C) of a complex curve C is the smallest degree of a non-
constant map, defined over the complex numbers, from C to the complex projective line P1.
Lemma 2.3 ([13]). Let C be a complex reduced and irreducible plane curve of degree d > 1,
then gon(C) 6 d.
Proposition 2.1 and Lemma 2.3 give our first Ein-Lazarsfeld-Xu-type inequality.
Lemma 2.4. Let C be an irreducible and reduced plane curve in the projective plane of degree
degC > 3 having singular points p1, ..., ps, then
C2 = d2 >
s∑
i=1
mi
(
mi − 3
2
)
+
3
2
gon(C).
Now we present a different approach to obtain a stronger version of the lemma above.
4Proposition 2.5. Let C be an irreducible and reduced plane curve in the projective plane having
singular points p1, ..., ps, then
d2 − d >
s∑
i=1
mi(mi − 1)
Proof. Let C be an irreducible and reduced curve in the plane as in the theorem, and let
us denote by f the defining equation of C. Now we introduce a new curve D defined by the
equation g := ∂f
∂x
. We know that degD = d−1 and at each point pi we have mi(D) > mi(C)−1.
Now by Be´zout theorem, since C is irreducible and reduced, one has
d(d− 1) = C.D >
s∑
i=1
mi(D)mi(C) >
s∑
i=1
mi(C)(mi(C)− 1),
which completes the proof.
Alternatively, one can use Plu¨cker-Teissier formulae [26, Theorem 7.2.2] to obtain the same
result.
Proposition 2.5 and Lemma 2.3 give our second Ein-Lazarsfeld-Xu-type inequality.
Lemma 2.6. Let C be an irreducible and reduced plane curve in the projective plane of degree
degC > 3 having singular points p1, ..., ps, then
C2 = d2 >
s∑
i=1
mi(mi − 1) + gon(C). (1)
Finally, let us present a third variation which follows directly from a recent result due to J.
Huh [7].
Lemma 2.7. Let C be an irreducible and reduced plane curve in the projective plane of degree
degC > 3 having singular points p1, ..., ps. Let o ∈ Sing(C), then
C2 = d2 > m0 +
s∑
i=1
(mi − 1)2 + 2(gon(C)− 1).
Proof. Since C is not a pencil of lines passing through a point, we can apply Huh’s inequality
[7, Theorem 1], namely
(d− 1)2 > mo − 1 +
∑
p∈Sing(C)
µp,
where µi’s are the corresponding Milnor numbers and o ∈ C is a singular point.
Now we would like to make use of (1) in order to provide a lower-bound for Seshadri
constants in special cases.
Let P be a finite set of s > 1 points in the projective plane and assume that the Seshadri
constant of OP2(1) centered at P is computed by an irreducible and reduced curve having at
each point pi ∈ P multiplicity greater than 1. The inequality (1) provides that
deg(C) >
√√√√ s∑
i
mi(mi − 1),
5which leads us to
ε(P2,OP2(1);P) >
√∑s
i mi(mi − 1)∑s
i=1mi
=
√∑s
i mi(mi − 1)
(
∑s
i=1mi)
2
.
Since
s
s∑
i=1
m2i >
( s∑
i=1
mi
)2
we get ∑s
i mi(mi − 1)
(
∑s
i=1mi)
2
>
1
s
·
∑s
i=1m
2
i −
∑s
i=1mi∑s
i=1m
2
i
>
1
2s
,
which gives us at the end the following lower bound
ε(P2,OP2(1);P) >
√
1
2s
. (2)
It is natural to ask whether there exists a configuration of points for which the Seshadri
constant of OP2(1) is computed by an irreducible and reduced curve having at each point of the
configuration multiplicity greater than one. As an example which presents this phenomenon,
let us focus on the so-called Severi curves.
Definition 2.8 ([20]). A reduced and irreducible plane curve D ⊂ P2 is called a Severi curve
if the number of nodes of D is equal to δ := (d−1)(d−2)
2
and these are the only singular points of
D.
Proposition 2.9. Let D ⊂ P2 be a Severi curve of degree d > 6. Then
ε(P2,OP2(1); Sing(D)) =
d
(d− 1)(d− 2) .
Proof. First of all, observe that the Seshadri ratio obtained by D is equal to d
(d−1)(d−2) . In order
to compete the proof, suppose that there exists an irreducible and reduced curve C, distinct
from D, of degree e in the plane having multiplicities m1(C), ..., mδ(C) at the singular points
p1, ..., pδ ∈ Sing(D) such that
e∑δ
i=1mi(C)
<
d
(d− 1)(d− 2) .
This implies
δ∑
i=1
mi(C) >
e
d
(d− 1)(d− 2).
Our aim is to make use of Be´zout’s Theorem. Observe that
D.C = e.d >
δ∑
i=1
2mi(C) > 2
e
d
(d− 1)(d− 2).
Simple manipulations give
d2 − 6d+ 4 < 0,
a contradiction with the fact that d > 6.
6It is natural to ask whether, if at all, our bound (2) is sharp. We check our result in the
case of Severi curves. Denote by f(x) = x
(x−1)(x−2) and g(x) =
√
1
(x−1)(x−2) . Then
x 6 7 8 9 10 20 50 100
f(x) 0.3 0.2333 0.1904 0.1607 0.1388 0.0584 0.0212 0.0103
g(x) 0.2236 0.1825 0.1543 0.1336 0.1178 0.0540 0.0206 0.0101
.
It means that for Severi curves our bound (2) is asymptotically sharp.
At the end of this section, let us emphasize that since our curves are (presumably) highly
singular, the first gonality bound is very coarse. If m1 is a maximal multiplicity of C, then (for
instance by [13]):
gon(C) 6 d−m1
This observation allows us to improve our Ein-Lazarsfeld-Xu-type lemmas, in the case of (1)
we obtain
C2 = d2 >
s∑
i=2
mi(mi − 1) +m21 + gon(C).
3 Special configurations of points in the plane and Seshadri constants
In this section, we focus on certain point configurations in the projective plane which are
given by singular loci of certain line arrangements. We compute the multi-point Seshadri
constants of OP2(1) centered at the singular loci of those configurations.
Our main aim here is to understand how accurate is the following question.
Question 3.1. Let L ⊂ P2 be a line arrangement and denote by Sing(L) the singular locus
of L. For a given line ℓ ∈ L we denote by s(ℓ) the number of singular points from Sing(L)
contained in ℓ and by s(L) = maxℓ∈L s(ℓ). Is it true that
ε(P2,OP2(1); Sing(L)) =
1
s(L)
?
In particular, is it true that in the above setting the multi-point Seshadri constant is computed
by one of lines from the arrangement?
We start our considerations with a quite specific class of line arrangements satisfying Hirze-
bruch’s property.
Definition 3.2. Let L ⊂ P2 be a line arrangement. We say that L satisfies Hirzebruch’s
property if the number of lines is equal to 3n for some n ∈ Z>0 and each line from L intersects
others at exactly n+ 1 points.
Conjecturally, all line arrangements satisfying Hirzebruch’s property are those defined by
complex reflection groups, see for instance [15, Conjecture 5.1].
Proposition 3.3. Let L = {ℓ1, ..., ℓ3n} ⊂ P2 be a line arrangement satisfying Hirzebruch’s
property and such that all singular points have multiplicity greater than two. Then
ε(P2,OP2(1); Sing(L)) =
1
n + 1
.
7Proof. If we take a line ℓi from the arrangement L, the Seshadri ratio is given by
1
n+1
. Suppose
that there exists an irreducible and reduced curve D of degree d, different from ℓi for every i,
having multiplicities m1(D), ..., ms(D) at singular points p1, ..., ps ∈ Sing(L) such that
d∑s
i=1mi(D)
<
1
n + 1
.
This implies, in particular, that
s∑
i=1
mi(D) > d(n+ 1).
Denote by ni(L) the multiplicity of a point pi ∈ Sing(L), then
3nd = D.(ℓ1 + ...+ ℓ3n) >
s∑
i=1
mi(D)ni(L) > 3
s∑
i=1
mi(D) > 3d(n+ 1),
a contradiction.
Example 3.4. There exists an infinite series of line arrangements satisfying Hirzebruch’s prop-
erty and such that all singular points have multiplicity greater than two. Let us recall that n-th
CEVA arrangement of lines with n > 3 (see for instance [1, Page 206]) is given by the linear
factors of the following polynomial
Q(x, y, z) = (xn − yn)(yn − zn)(zn − xn).
We know that n-th CEVA arrangement Cn consists of 3n lines and has exactly 3 points of
multiplicity n and n2 triple points, and on each line we have exactly n+1 singular points. This
gives us
ε(P2,OP2(1); Sing(Cn)) =
1
n+ 1
.
Example 3.5. Let us recall that Klein’s arrangement of lines K [9] consists of 21 lines with
exactly 21 quadruple points and 28 triple points. Klein’s arrangement possesses Hirzebruch’s
property, and
ε(P2,OP2(1); Sing(K)) =
1
8
.
Another interesting example is given by Wiman’s arrangement of lines W [27] which consists
of 45 lines and exactly 120 triple points, 45 quadruple points, and 36 quintuple points. Wiman’s
arrangement also possesses Hirzebruch’s property, and
ε(P2,OP2(1); Sing(W)) =
1
16
.
In the before mentioned paper [15], D. Panov proved that there are exactly four real line
arrangements (i.e., line arrangements defined over the real numbers) satisfying Hirzebruch’s
property, and these are reflection arrangements of certain Coxeter groups. Let us now present
a numerical description of these line arrangements:
8a) three generic lines intersecting at exactly three double points;
b) the well-known A1(6) arrangement of 6 lines consisting of 4 triple points, and 3 double
points;
c) the arrangement A1(9) of 9 lines (four sides of a square in R
2, four symmetry axes of
the square, plus line at infinity), consisting of 3 quadruple points, 4 triple points, and 6
double points;
d) the arrangement A1(15) of 15 lines (five sides of a regular pentagon in R
2, five axes of
symmetry, and five diagonals of the pentagon) consisting of 6 quintuple points, 10 triple
points, and 15 double points.
Now we compute Seshadri constants for OP2(1) for point configurations given by a), b), c),
and d) – notice that we cannot apply Proposition 3.3 due to the fact that the arrangements
above possess double points as intersections.
In cases a) and b), it is easy to see that the Seshadri constants are equal to 1
2
and 1
3
,
respectively, and this can be done by ad hoc arguments, so now we show how to deal with c).
Our aim is to pick in an appropriate manner exactly four lines from the configurations A1(9)
in such a way that these lines are passing through all singular points at least once. This can be
achieved by some choice of lines, for instance we can take a subconfiguration L = {ℓ∞, ℓ1, ℓ2, ℓ3}
consisting of the line at infinity and three vertical lines (lines defined by two parallel sides of
the square and the corresponding symmetry axis). After possible relabeling of the indices of
points, we have that mi = 1 for i ∈ {1, ..., 12} and m13 = 4. We claim that
ε(P2,OP2(1); Sing(A1(9))) =
1
4
.
Suppose that there exists an irreducible and reduced curve D of degree e having multiplicities
n1, ..., n13 such that
e∑13
i=1 ni
<
1
4
,
This gives us, in particular, that
13∑
i=1
ni > 4e.
Now
4e = D.(ℓ∞ + ℓ1 + ℓ2 + ℓ3) > n1 + ...+ n12 + 4n13 >
13∑
i=1
ni > 4e,
a contradiction.
In the last case d), our strategy is quite similar, we are going to pick 6 appropriate lines
in order to obtain vanishing along all 31 singular points of A1(15). Let us present our choice
which is depicted in Figure 1 by dashed lines L1, L2, L3, L4, L5, and L6 – notice that L1 is not
a line from the arrangement.
Now we are aiming to show that
ε(P2,OP2(1); Sing(A1(15))) =
1
6
.
9L4L2
L6
L5L3
L1
Figure 1: Arrangement A1(15) plus one additional line L1.
Suppose that there exists an irreducible and reduced curve D of degree e having multiplicities
n1(D), ..., n31(D) at points Sing(A1(15)) = {p1, ..., p31} such that
e∑31
i=1 ni(D)
<
1
6
.
Moreover, we denote by mi(C)’s the multiplicities of C = L1+ ...+L6 at Sing(A1(15)). Observe
that
D.C = 6e >
31∑
i=1
mi(C)ni(D) >
31∑
i=1
ni(D) > 6e,
a contradiction.
The previous arrangements are quite rigid from a point of view of combinatorics and ge-
ometry, so at the end of the note we turn our attention towards very simple arrangements of
lines.
Definition 3.6. We say that Ad ⊂ P2 is a star arrangement of d lines if all intersection points
are double points.
It is easy to see that each line from Ad contains exactly d − 1 double points from the
arrangement.
Proposition 3.7. Let Ad ⊂ P2 be a star arrangement of d > 3 lines. Then
ε(P2,OP2(1); Sing(Ad)) =
1
d− 1 .
Proof. This follows by (almost) the same argument as in Proposition 3.3.
Definition 3.8. A line arrangement Hd ⊂ P2 with d > 3 is called Hirzebruch’s quasipencil if
it consists of one point of multiplicity d− 1 and d− 1 double points.
10
We can assume that for Hirzebruch’s quasipencil Hd = {ℓ1, ..., ℓd} the point of multiplicity
d− 1 is defined by the intersection of ℓ1, ..., ℓd−1.
Proposition 3.9. Let Hd ⊂ P2 be a Hirzebruch’s quasipencil of d > 3 lines. Then
ε(P2,OP2(1); Sing(Hd)) =
1
d− 1 .
Proof. If we take ℓd from the arrangement Hd, the Seshadri ratio is given by
1
d−1 . Let D be
an irreducible and reduced curve of degree e such that D 6= ℓi, for all i ∈ {1, ..., d}, having
multiplicities m1, ..., md at the points Sing(Hd), and
e∑d
i=1mi
<
1
d− 1 .
Since
D(ℓ1 + ℓd) = 2e >
d∑
i=1
mi > e(d− 1),
a contradiction.
In our considerations the key role is played by information about the number of singular
points on each line from the arrangement. It is not difficult to see that if L ⊂ P2 is an
arrangement of d lines (we can assume that L is not a pencil of lines), then for each line ℓj the
number of singular points rj := #Sing(L)∩ ℓj on ℓj is bounded from above by d−1, which can
be easily verified using the following combinatorial equality
d− 1 =
∑
p∈Sing(L)∩ℓj
(mp − 1).
However, we are not aware of ”reasonable” lower bounds for rj . This leads to the following
simple question.
Question 3.10. Is it true that for an arrangement L ⊂ P2 of d > 3 lines, which is not a pencil
of lines, there exists a positive integer C such that
d
max
j=1
rj >
1
C
· d?
4 Concluding remarks
We now make a few remarks exhibiting some interesting similarities and differences between
the behavior of Seshadri constants at very general points and special points in P2.
Remark 4.1. It might happen that for special configurations of s > 1 points the Seshadri
constant of OP2(1) has the same value as in the case of s very general points. Let us present an
interesting example. In his Diplomarbeit, K. Ivinskis explained that there exists an irreducible
and reduced curve Cd of degree d = 6k with k > 1 having exactly 9k
2 ordinary cusps [8,
Lemma 4.1.7]. This curve is constructed by using the Kummer cover φ : P2 ∋ (x, y, z) 7→
11
(xn, yn, zn) ∈ P2 which is branched along xyz = 0, please consult [16, Section 7] for details. It
is easy to check that
ε(P2,OP2(1); Sing(Cd)) =
1
3k
.
Notice that we obtained exactly the same value as the Seshadri constant of OP2(1) centered
at configurations of 9k2 points with k > 1 in very general position.
Remark 4.2. It was shown in [21], irreducible and reduced curves C ⊂ P2 computing the
multi-point Seshadri constants for very general points P = {p1, ..., pr} are homogeneous or
almost-homogeneous. Let us recall that the sequence of multiplicities (m1, ..., mr) is almost-
homogeneous if all but at most one of the coordinates are equal, and we say that a curve C is
almost-homogeneous at P if the r-tuple (m1(C), ..., mr(C)) is almost-homogeneous. Our aim
is to present an example showing that for special point configurations irreducible and reduced
curves computing Seshadri constants are in general not almost-homogeneous.
It is well-known that there exists an irreducible and reduced plane sextic C6 ∈ P2 having
exactly one triple point p1 and 7 double points p2, ..., p8. We define P = {p1, p2, ..., p8, p9, ..., p27},
where p9, ..., p27 ∈ C6 are arbitrary smooth and mutually distinct points. It is easy to compute
that
ε(P2,OP2(1);P) =
1
6
,
and the Seshadri constant is computed by C6.
Remark 4.3. As we observed in Introduction, for any configuration of points x1, ..., xr ∈ P2
one has
1
r
6 ε(P2,OP2(1); x1, ..., xr) 6
1√
r
.
Our experiment shows an interesting phenomenon that for line arrangements with Hirzebruch’s
property the values of Seshadri constants of OP2(1) centered at singular loci of the arrangements
are close to 1√
r
. Let us point out here that for Klein’s arrangement of lines the Seshadri constant
of OP2(1) is equal to
1
8
, but for very general 49 points we know that the Seshadri constant of
OP2(1) is equal
1
7
. In the case of n-th CEVA’s arrangement, we have exactly r = n2+3 singular
points and the Seshadri ratio is equal to 1
n+1
, which is really close to the predicted value 1√
n2+3
for very general points.
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